Complex foliations generated by (1,1 (-forms are studied in order to describe geometric properties of complex partial differential equations of MongeAmpère type.
= 0 for ally'g C"}.
If for each z g ß, the linear operator corresponding to the matrix [a7A.(z)] is reduced by its range we say that a is reducible. A detailed geometric characterization of the notion is given in the third section. In particular it is proved there that if the complex rank of a is p then the mapping z -» N.(a) is a "^"-distribution of real dimension 2(« -p) if and only if a is reducible.
The aim of this paper is to study complex foliations (i.e. ^'-foliations whose leaves are complex manifolds) generated by reducible differential forms. We are particularly interested in forms dd'u where u is a complex valued (êi-ïunction satisfying the Monge-Ampère equation (1) (dd'u)p + l=0
in an open set ß c C" with 0 < p < «. (Recall that d = 9 + 9 and d' = /(9 -9).)
It is known (see [1] ) that if the above equation is nondegenerate i.e.
(2) {dd'u)p * 0 in ß and Im u is plurisubharmonic then there exists a complex foliation J^of ß such that u is pluriharmonic along the leaves of !F. We shall prove that this remains true in a more general case when ddcu is reducible. Furthermore if for a complex function u of class ^3 the nullity spaces of dd'u generate a complex foliation of codimension p then dd'u must be reducible. We shall examine the system of equations of Monge-Ampère type
(4) (ddcu)p+1 = 0 with the additional nondegeneracy condition (5) {dd'u)" A(dd'v)q*0 where p and q are nonnegative integers, 0 < p + q < n, u and v are complex functions on an open subset ß of C". The conditions (4) and (5) imply that the rank of dd'u is constant. Nevertheless the rank of dd'v may vary. In particular the equation (dd'v)p+q+x = 0 may be degenerate (cf. Example 5). In general, very little is known about such equations (see [1, 2] ). We shall prove that if dd'u and dd'v are reducible ^"-forms satisfying (3), (4) and (5) then there is a complex foliation ^of ß such that both u and v are pluriharmonic when restricted to any leaf of &.
2. Main results. We shall prove the following. The above theorem generalizes some earlier results obtained by Bedford, Kalka [1] and Kalina [3] . Under the additional assumption that a = ß and Im a > 0 it has been proved in [1] . For real forms a of class #3 and ß = dd'u with Im u plurisubharmonic the result has been shown by Kalina [3] . However the way in which we prove Theorem 1 in this paper is different from the methods used in [1 and 3] .
Theorem 1 yields the following two results.
Theorem 2. Let u and v be complex functions of class #3 o« ß c C" such that dd'u and ddcv are reducible. Let p and q be nonnegative integers such that 0 < p + q < « and the conditions (3), (4) and (5) are satisfied in ß. Then there exists a complex foliation ¡Fof ß by complex submanifolds of codimension p + q such that for any leaf M of J5", the restrictions of u and v to M are pluriharmonic on M and 9 Re u/dzj, 9 Im î//9zy, 9 Re v/dzjy 9 Im v/dzj are holomorphic on Mforj = 1,2,...,«. The following example shows that the rank of the Hessian matrix of the function v in Theorem 2 may vary.
Example 5. Define v(zx, z2, z3) = \zx + z3|4 + |z2|4. The function v is plurisubharmonic and (dd'v)3 = 0 in C3. The rank of the form dd'v is 2 on the set {(z,, z2, z3): z2(zx + z3) ¥= 0}. The rank drops to 1 when z2(zx + z3) = 0 and z2 ¥= zx + z3 and to 0 when z2 = zx + z3 = 0. Put M(zt, z2, z3) = \zx + z3\2 + \z2\2. The functions u and v satisfy the assumptions of Theorem 2 with p = 2 and <? = 0. Thus there is a complex one-dimensional foliation of C3 along the leaves of which v is harmonic and the derivatives dv/dz/ are holomorphic. One can say that dd'u which has a constant rank removes singularities coming from a drop in the rank of the Hessian of v.
